Abstract. In this short note we show that there exist uncountably generated algebras every non-zero element of which is a smooth function having uncountably many zeros. This result complements some recent ones by Enflo et al. [7, 9] .
In this short note we complement the previously mentioned results by proving, constructively, the following:
Theorem. The subset of smooth functions in R having a uncountable set of zeros is strongly c−algebrable.
Let us start by fixing Z ⊂ R with |Z| = c and a function 0 = f ∈ C ∞ (R) such that f (z) = 0 for every z ∈ Z and f does not have horizontal asymptotes. Such a function can be defined as follows. Let C be a copy of the Cantor set in the interval [−1, 1] . Observe that [−1, 1] \ C = n I n , where the I n 's are pairwise disjoint open intervals. Now define the function d :
∈ C, and x ∈ I n = (a n , b n ) for some n,
where k an,bn is a positive constant depending on a n and b n . Next, let g be the function, on [−1, 1], given by:
The value of the constant k an,bn does not affect at all the smoothness of g. For instance, in Figures 1 and 2 we used k an,bn = 1/(b n − a n ) 1.8 . This constant plays the role of a "scaling factor".
We leave as an exercise to the reader to check that g is smooth. Next, we can define our function f : R → R by extending g in a usual way by making it smooth on R and by making it not have horizontal asymptotes.
Let us go back to our main construction now. Let H be a Hamel basis of R as a Q−vector space such that all elements in H are positive. Also, let (for r ∈ H and x ∈ R), f r (x) = e rx sin(f (x)).
Our aim is to show that the algebra generated by the f r 's, A = A(f r : r ∈ H), is uncountably generated and that every element in A has an uncountable set of zeros. In order to do so, let k ∈ N, P ∈ R[z 1 , z 2 , . . . , z k ] be any non-constant polynomial in k real variables, and r 1 , r 2 , . . . , r k ∈ H. Now we need to see that:
(ii.-) The algebra A is c−generated.
First, notice that, since P can be written as
with q ∈ N, {n i,j : 1 ≤ i ≤ k, 1 ≤ j ≤ q} ⊂ N, and a j ∈ R \ {0} for every j ∈ {1, . . . , q}, then φ can be expressed as
where m j = k i=1 n i,j and s j = k i=1 r i n i,j for j ∈ {1, . . . , q}. Once we have that, it is straightforward to check that φ(z) = 0 for every z ∈ Z. Next, let us check some properties of the s j 's that appear in the expression of φ. First of all, notice that s j = 0 for every j ∈ {1, . . . , q}. Indeed, suppose that for some j ∈ {1, . . . , q} we have s j = 0. Then, it would be r 1 n 1,j + r 2 n 2,j + r 3 n 3,j + · · · + r k n k,j = 0, which contradicts the fact that H is a Hamel basis. Similarly it can be also shown that s i = s j if i = j. Thus, we can assume without loss of generality, that s 1 < s 2 < · · · < s q . Now, let us show that the set {f r : r ∈ H} is algebraically independent. To achieve this, suppose that φ ≡ 0, we shall show that a j = 0 for every j ∈ {1, . . . , q}. This will amount to P ≡ 0, and we will be done. If φ ≡ 0, then we would have that
is also 0 for every z ∈ R. Let, now, take the limit when z → −∞. Then, we have that
and we obtain that a 1 = 0 (since f has no horizontal asymptotes). We can now proceed similarly (dividing now the expression q j=2 a j · (sin z) mj · e sj z by e s2z and taking again limits when z → −∞) and we would obtain that all the a j 's are 0. Thus, P ≡ 0, the set {f r : r ∈ H} is algebraically independent, and we are done.
Remark. Notice that this result is the best possible in terms of dimension, since the set of continuous functions has dimension c. Let us also recall that this construction can also be done using any other types of fractal sets with arbitrary fractal dimension. We chose the Cantor set for convenience.
